
4th iso thm
.

let No G and an : G → GIN be the projection map .

Then "IT :{ L l NOKG } → f I < GIN 3
,
I↳ an CL) )

is a bijection .

⑦ IT gives a bipation between the normal subgps LOG
with Nc L with the normal subapps E of GIN.

Pf .

47 For any I <GIN , Tai
' CI) is a subgp of a that

contains N
.
Moreover Lts an 14

,

I '→ai
' CD

are inverse to each other
.

(2) g L =L g in G ⇒ Lg N ) L = Legal in 61N.

So L normal ⇒ I normal .

If I is normal, then IN Lg L 9-'I = Inca TwcHawai
'

= I

so 9 Lg " E Tini" CE) =L So
.
L is nor nut I

.

Def . A gp G
is called simple if Gtf13 and has no proper

nontrivial normal subgps .

Examples : Any simple abelian gp must be cyclic of prime order .
• An is simple for n>5



Def . A normal subgp ME G is maximal if # No G
sit . ME NE G.

Bop . Mo G is max Eff GIM is simple .

Pf . By 4th i so thin
.

I

Rmk
. Simple gps are the

"

building blocks " of gps.

Series of gps .
Def . let 923 = He < H

,
c - - i s HE G be a finite chain of subgps.

We say that it is subnormal if Hia Hia fi

normal if Heo G fi .
The quotient gps Hiei lui are called the quotient Cor factor) gps

of the series
.

Def . A subnormal creep. normal) series f this is a composition
(resp. principal) series if all its quotient gp Hiei IH i are simple .
Here { Hiei luv ) are now called composition factors .

Rmh
.

. Every finite gp has a composition series . I 2 does not have
.

• Given a composition series
{23 = Ho L H , c - r . c Hn = G

.

We have a sequence of short exact sequences



a-
I → Hi → th → 1h41 , → 1 up

6 gps.

↳ th-' tis
.

→ min
finite si

:

↳ Hut → the G → tuna, →I

Thml Jordan - Hilder) let a be a finite gp . If
{23 = the CH ,

c - - is Hu = G

{23 = ko Ck , s . - - c km =G
.

Are two composition series for G.

Then men and I r Esu
,
s. t

Hiei /Hi E Kocian /Kocis

Pf . Induction on lat .
Case I : Hu -i = Kmt

.

In this case
, follows from induction on Kun

Case 2 : Hu- i t Kurt . In this case Hu - i
,
Ku-id G

.
maximal

.

So Hui km- i = G
.

So Glum ,
E K m-I /Hn-i n kn-i , Gl kn-I E HmlHn-i n kn-i

.

let T = Hu-i n Kmt
.

Then T is a max normed subsp of
both Hu-i and km-i

.

Now by widenthe hypothesis
on Hut

, J and km- I
,
we have



① 923 = He C - - - e Hua < Hn- i s Hn = G

② 923 = He L - - - c J s Hu-I < Hn = G
. } use a composite

③ 523 = ke L - - . C T s km, < km = g
Aries of T

.

④ 523 = Ko L - - - c kn-z l km-I C Hm = G
.

By inductive hypothesis. the composition factors of D and ②
are the same

,

the composition faint of ③ and ④
are the same

.

Abe Hu lHui = km-its and km1km-I E Hn-it
.

So the composition factors of ② and ③ are the same a

Rnk
. Apply the theorem to finite abelian gps, we see that
the prime fartorizutton of a given positive integer is unique

→ A

order of Compo factors order of G.

Holder program : every finite gp is built from finite simple gps
① Classify all finite simple gps ← completed in zoox

⑤ classify all possible ways of building a gp ← unknown

from given finite simple gps



Def . A gp G is called solvable if it has a subnormal series
whose quotient gps are all abelian
In other words

,
a solvable gp is gp built from (successive

extensions of) abelian gp .

Examples .

. All abelian gps are solvable
* Ss is solvable Ex Sy is solvable
• Sn is not solvable when u 35

.

• Bi= f CE¥13 E Gh CFI is solvable

since U : = f ( to F) 3 is normal in B and Blue FFF

Bop . Every subgp and quotient gp of a solvable gp is solvable

Pf. If G is solvable with solvable series

92 ) = ko s k ,
s -

- s kn - G.

let HC G be a subgp . Then we have a series

923 = Hh ko s Hnk , s - - s Hn kn =k
.

where Hh Kil Hn ki -I → Ki Hei- I is abelian
.

I Hn ki → Kolka , with kernel Hh ki- i . So by 1st iso th n)

If I is a quotient gp of G and a : G→ E projection



let Ki be the image of ki in E. Then
913=1-6 a E ,

a - - e En - I.

Note that Kolka , →
> II. IKI ,

d abelian

Chen Ki → II. → Talkie , with Ki, in the kernel .
So Kil ki-i →> E. Iki -i )

.

I
.

Bop . let No G. If N and GIN are both solvable
, then

G Is solvable
.

Pf let 923=1-6 < H
.
c - - c Hn --N

523=15 a ki c . - c Kim= I := GIN
be solvable series .

let a : G → I and ko i = at l KI )
.
(Seki = kilos

Then by 23rd iso thin
.

Kitko
- i
E Kilki- i .

This 923 = Hoc H ,
c - - s Hm =N= ko CK, s

- - s ku = G

is a solvable series of G. I

Derived series
.

Recall that EG , GI 4G is the swbgp generated by
[a.by : -- ab at 5

' Ha , BEG



We call EGG ] the 1st derived subgp and denote by G'= G
"!

Define the 2nd derived subgp G
"'
= ca 's '

,

3rd GB) = (G
"

)
'

Def. The derived series of G is

G > G " s GH > . .
-

ey .
G- Ss

,
then Ss > As > SB > 513 s - - -

G -- Ss
,

then Ss > As > As > - - -

Bop . G is solvable Iff G "" -123 . for some k .

Pf. ⇐ by definition
⇒ Suppose 123 -- Hoc Hic - - CHE G is

a solvable series .

Sime Glunt is abelian
,
G
'"
c Hu- I

Thus G
' " Han -z Chu- i .

So by 2nd iso th m

G
"'/ (G "' n Hn-z) E G

' " Hu-z Ith -z C Hui Hu
-z
abelian

so G " c G
"'
n Hu-z a Han.-2

.

Repeating this argument , we have a
"'
- Hwi ti.

Hence a "" = 923 for some k I


